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Abstract We develop a general setting for the quantization of linear bosonic and fermionic field theories 
subject to local gauge invariance and show how standard examples such as linearised Yang-Mills theory 
and linearised general relativity fit into this framework. Our construction always leads to a well-defined 
and gauge- invariant quantum field algebra, the centre and representations of this algebra, however, have to 
be analysed on a case-by-case basis. We discuss an example of a fermionic gauge field theory where the nec- 
essary conditions for the existence of Hilbert space representations are not met on any spacetimc. On the 
other hand, we prove that these conditions are met for the Rarita-Schwinger gauge field in linearised pure 
N = 1 supcrgravity on certain spacetimes, including asymptotically fiat spacetimes and classes of space- 
times with compact Cauchy surfaces. We also present an explicit example of a supcrgravity background 
on which the Rarita-Schwinger gauge field can not be consistently quantized. 

OA , Keywords quantum field theory on curved spacetimes; gauge theories; supcrgravity; algebraic quantum 
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£f~) , 1 Introduction 

in . 

f^i , Quantum field theory on curved spacetimes has gone through major developments in the last decades. 

04 ' Explicit models have been constructed in this framework, including the scalar field [Dim80] , the Dirac field 

[Dim82,San08,DHP09] and the Proca field [Fur99]. These examples have later been recast into a general 
approach to the quantization of bosonic and fermionic matter field theories on curved spacetimes [BGP07, 
BG11]. On the other hand, examples of theories exhibiting a local gauge invariance have been investigated 
in detail, including the Maxwell field [Dim92,FP03,Pfe09,DSll,DLll,DHS12] and linearised general rel- 
ativity on Einstein manifolds [FH12]. The quantization of gauge field theories bears new complications, 
which are not present for matter field theories. In particular, the equation of motion in a gauge field theory 
is not hyperbolic and thus one does not have a well-defined Cauchy problem or Green's operators, which 
are the basic structures entering the construction of matter quantum field theories. This problem has been 
resolved in the examples mentioned above by considering only the gauge invariant content of such a theory, 
i.e. gauge invariant observables, and making use of a special gauge fixing condition. We emphasise that 
even though a gauge fixing is used in this construction, the resulting algebra of observables is by definition 
gauge invariant. The algebra of gauge invariant observables of a gauge field theory can have new features 
compared to matter field theories. As it has been shown in [BGP07,BG11] (see also Section 4 in the present 
paper) the algebra of observables of a bosonic matter quantum field theory never has a non-trivial centre. 
In gauge field theories this can in general only be guaranteed under additional assumptions on the Cauchy 
surface in the spacetime, see [Dim92] for the Maxwell field and [FH12] for linearised general relativity 
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on Einstein manifolds. There are examples of Cauchy surfaces such that the algebra of gauge invariant 
observables of the Maxwell field has a non-trivial centre [DL11,DHS12]. Due to the theory of degenerate 
Weyl algebras [BHR04] these centres do not pose mathematical problems for the quantum field theory on 
an individual spacetime, but they have impact on whether or not the theory is locally covariant in the sense 
of [BFV03], see e.g. [DL11,DHS12]. Furthermore, the centres are certainly of physical interest and should 
be understood in detail. We also want to mention that in addition to these results on linear quantum 
gauge field theories there has been a lot of effort in constructing perturbatively interacting quantum gauge 
field theories on curved spacetimes, see e.g. [Hol07,FRll] and references therein. In our work we restrict 
ourselves to linear quantum field theories, since as it will become clear later, there are a lot of non-trivial 
aspects which have to be understood in detail even at the linear level. This is in particular the case for 
fermionic gauge field theories. The restriction to linear theories will allow us to quantize gauge fields with- 
out introducing auxiliary fields as it happens in the BRST/BV- formalism, cf. [Hol07,FRll]. However, we 
presume that our construction for the bosonic case yields a gauge invariant algebra of quantum observables 
which is isomorphic to the one obtained in [Hol07,FRll] at lowest order in perturbation theory. 

The goal of the present paper is twofold: First, we aim at developing a general framework for the 
quantization of linear gauge field theories. This can be seen as an extension of [BGP07,BG11] to field 
theories subject to a local gauge invariance. We allow for bosonic as well as fermionic theories and provide 
an axiomatic definition of a classical linear gauge field theory in terms of fibre bundles and differential 
operators thereon. Our setting is general enough to cover the matter field theories of [BGP07,BG11], which 
will be promoted to gauge field theories with a trivial gauge structure, as well as the standard examples 
such as linearised Yang-Mills theory and linearised general relativity on Einstein manifolds. Even more, our 
general framework is sufficiently flexible to include examples of fermionic gauge field theories. The prime 
example of such a theory is the gravitino field (also called Rarita-Schwinger field) in linearised pure N = 1 
supcrgravity, which we will discuss in detail. A further example which we will study in detail is a fermionic 
version of linearised Yang-Mills theory, which emerges for example as the fermionic sector of a Yang-Mills 
theory modeled on a Lie supergroup. Bosonic gauge field theories can always be quantized in terms of 
(possibly degenerate) Weyl algebras, while fermionic gauge field theories bear additional complications, 
similar to their matter field theory counterparts [BGP07,BG11]. The issue there is that the inner product 
space associated to a fermionic matter or gauge field theory is in general indefinite, and one therefore 
encounters physical as well as mathematical problems. The mathematical issue is that such indefinite inner 
product spaces can not be quantized with the usual CAR-representation. The physical problem is that, 
even if there would exist a suitable CAR-algebra, there are negative norm states in any representation of it. 
In contrast to other approaches to the quantization of gauge field theories which are based on kinematical 
(i.e. still containing gauge degrees of freedom) representation spaces, our negative norm states would be 
states in the physical (i.e. gauge invariant) Hilbert space and would thus pose problems for the physical 
interpretation of the fermionic gauge field theory under consideration. This brings us to the second goal 
of this paper, which is the investigation under which conditions the two examples of fermionic gauge 
field theories give rise to positive definite inner product spaces and thus can be consistently quantized 
in terms of a CAR-representation. We prove that the fermionic generalisation of linearised Yang-Mills 
theory always leads to an indefinite inner product space and thus can not be quantized on any spacetime. 
This implies that the perturbative quantization of Yang-Mills theories based on Lie supergroups is, in 
the above mentioned sense, inconsistent and puts strong mathematical constraints on such theories. On 
the other hand, our result is well in line with the spin-statistics theorem. The situation is better for the 
gravitino field of linearised pure supergravity. We provide a sufficient condition for this theory to give rise 
to a positive inner product space, which demands the existence of a special type of gauge transformation. 
For compact Cauchy surfaces this condition is fulfilled if the induced (Ricmannian) Dirac operator on the 
Cauchy surface has a trivial kernel. We also consider certain non-compact Cauchy surfaces and answer the 
question of positivity affirmatively. This shows that, under assumptions on the Cauchy surface, treating 
the Rarita-Schwinger field as a fermionic gauge field theory (as it is required by supergravity) improves on 
well-known issues appearing in the quantization of the Rarita-Schwinger field when treated as a matter field 
theory, see e.g. [BG11,HM11,SU11]. Introducing a mass term for the gravitino field in a gauge- invariant 
way requires the coupling of matter fields to the supergravity and will be discussed elsewhere. We also 
provide an example of a supergravity background on which the Rarita-Schwinger gauge field can not be 
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consistently quantized via a CAR-representation. Considering the spacetime M = R x f D ~ 1 - with T D_1 
denoting the D— 1-torus - equipped with the flat Lorentzian metric, we show that in case of the trivial spin 
structure the inner product is indefinite, while for all other spin structures it is positive definite. A complete 
classification of Cauchy surfaces and induced metrics thereon which lead to a positive inner product for 
the Rarita-Schwinger gauge field seems to be very complicated and is beyond the scope of this work. 

The outline of this paper is as follows: In Section 2 we review some basic aspects of Lorentzian geometry 
and differential operators on vector bundles following mainly the presentation in [BGP07,BG11]. We then 
introduce our definition of classical gauge field theories in Section 3 and show that the basic examples 
studied in the literature fit into this framework. We conclude this section with a theorem on properties 
of classical gauge field theories, which generalises the properties found in the explicit examples to the 
axiomatic level. In Section 4 we study the quantization of gauge field theories and in particular propose 
suitable algebras of gauge invariant observablcs. The question of non-degeneracy (positivity) of bosonic 
(fermionic) gauge field theories is investigated in Section 5. The Rarita-Schwinger gauge field is discussed 
separately in Section 6. Appendix A contains our spinor conventions. 



2 Notation and preliminaries 

We fix our notations and review briefly some aspects of Lorentzian manifolds and differential operators on 
vector bundles. We mainly follow [BGP07,BG11] and refer to these works for more details and references 
to other literature. 

A Lorentzian manifold is a smooth and oriented connected Z?-dimensional manifold M equipped with 
a smooth Lorentzian metric g of signature (—,+,...,+). The associated volume form will be denoted 
by vol A/ . A time-oriented Lorentzian manifold will be called a spacetime. For every subset A C M of a 
spacetime M we denote the causal future/past of A by J ± (A). A closed subset A C M is called spacelike 
compact if there exists a compact C C M such that A C J(C) := J + (C) U J~(C). A Cauchy surface 
in a spacetime M is a subset S C M which is met exactly once by every inextensible causal curve and 
a spacetime is called globally hyperbolic if and only if it contains a Cauchy surface. We shall need the 
following theorem proven by Bernal and Sanchez [BS04.BS05]: 

Theorem 2.1. Let (M,g) be a globally hyperbolic spacetime. 

(i) Then there exists a smooth manifold S, a smooth one-parameter family of Riemannian metrics {gt}t<£R 
on S and a smooth positive function ?9 on R x S, such that (M, g) is isometric to (R x S, —d 2 dt 2 © g t ). 
Under this isometry each {t} x S corresponds to a smooth spacelike Cauchy surface in (M,g). 

(ii) Let also S be a smooth spacelike Cauchy surface in (M,g). Then there exists a smooth splitting (M,g) ~ 
(R X S, —{Pdt 2 © g t ) as in (i) such that S corresponds to {0} x S. 

Let V, W be a K-vcctor bundles over M with K = R or C. A differential operator of order k is a linear 
map P : r°°(V) -> r°°(W), with r°°(V), r°°{W) denoting the C°°(M)-modulcs of sections of V,W, 
which in local coordinates (x°, . . . , x D_1 ) and a local trivialisation of V and W looks like 

|a|<fe 

Here a = (ao, ■ ■ ■ ,a.D-i) €E Nq denotes a multi-index, \a\ = ceo + ■ ■ ■ + &d-i is its length and 1^4 = 
0(2 )°o---a(zP-i)' t -p-i . The A a are smooth functions with values in the linear homomorphisms from the 
typical fibre of V to the one of W. The principal symbol op of P associates to each covector £ e T*M a 
homomorphism <7p(£) : V x — > W x between the fibre V x and W x over x £ M. Locally, 

(J p(0 = A a (x)£ a , (2.2) 

|o|=fc 
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where £ Q = ^" . . . C D D -i and t = ^ dx» (sum over fi = 0, . . . ,D - 1 understood). In addition to r°°(V) 
we introduce the notations Pq°(V) for the sections of compact support and r™(V) for the sections of 
spacelike compact support. 

Let now K = K and let ( , ) v be a non-degenerate bilinear form on V, that is a family of non-degenerate 
bilinear maps ( , ) v : V x X V x — > M. on the fibres V x , for all x £ M, that depend smoothly on x. We define 
the bilinear map ( , } r ryy for all sections f,h£ r°°(V) with compact overlapping support, 



(Lh) r(v) := / vol M (f,h) v . (2.3) 

J M 

Let us also assume that W comes with a non-degenerate bilinear form ( , ) w . Then every differential 
operator P : r°°(V) — > r°°(W) of order k has a unique formal adjoint, i.e. a differential operator P< : 
r°°(W) -> r°°(^) of order k, such that 

(pif,h) r{v) = (f,Ph) r(w) , (2.4) 

for all / £ P°°(W) and /i € P°°(V^) with compact overlapping support. If V = W, ( , ) v = { , ) w and 
P' = P we say that P is formally self-adjoint (with respect to ( , ) v ). 

Definition 2.2. Let P : r°°(V) — > r°°(V) be a differential operator on a vector bundle V over a 
Lorentzian manifold M. A retarded/advanced Green's operator for P is a continuous linear map G± : 
r °°(V) r°°(F) satisfying 

(i) P o G± = id, 

(ii) G± o P| = id, 

(iii) supp(G±/) C J ± (supp(/)) for any / £ r^(V). 



Definition 2.3. Let P : r°°(V) — > i"' 00 (V') be a differential operator on a vector bundle V over a globally 
hyperbolic spacetime M with a non-degenerate bilinear form ( , ) v . 

(i) We say that P is Green-hyperbolic if P and pt have Green's operators 1 . 

(ii) We say that P is Cauchy-hyperbolic if the Cauchy problems for P and P' are well-posed. 

Remark 2.4. The Green's operators of a Green-hyperbolic operator on a globally hyperbolic spacetime 
are necessarily unique, see Remark 3.7 in [BG11]. Cauchy-hyperbolic operators are also Green- hyperbolic, 
but there are Green-hyperbolic operators that are not Cauchy-hyperbolic, see Section 2.7 in [BG11]. 

Example 2.5. Let M be a globally hyperbolic spacetime and V a vector bundle over M. 

1. ) A second-order differential operator P on V is called a normally hyperbolic operator (also wave op- 

erator) if its principal symbol is given by the inverse metric g~ x times the identity on the fibre, 
<7p(£) = g _1 (^,^)id. In other words, a differential operator is normally hyperbolic if and only if in 
local coordinates x^ and a local trivialisation of V 

P = g^(x) d^d u + A»{x) + B(x) , (2.5) 

where and B smooth functions valued in the endomorphisms of the typical fibre of V. 

2. ) A first-order differential operator P on V is called of Dirac-type if P 2 = PoP is a normally hyperbolic 

operator. 

The formal adjoints of normally hyperbolic operators and operators of Dirac-type are again normally hy- 
perbolic and of Dirac-type respectively, and these two classes of differential operators are Green-hyperbolic 
and even Cauchy-hyperbolic, see [BGP07,BGll,MuelO]. 



1 We are grateful to Ko Sanders for pointing out that the existence of Green's operators for pt does in general not follow 
from the existence of Green's operators for P. 
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As a last prerequisite we require the following lemma and theorem on properties of Green's operators. 
See Lemma 3.3 and Theorem 3.5 in [BG11] for the proofs. 

Lemma 2.6. Let M be a globally hyperbolic spacetime and V a vector bundle over M equipped with a 
non- degenerate bilinear form ( , ) v . Denote by G± the retarded/ advanced Green's operators for a Green- 
hyperbolic operator P on V . Then the retarded/ advanced Green's operators G± for P^ satisfy, for all 

f,her °°(v), 

{G%f,h) r{v) = {f,G ± h) r(y) . (2.6) 
In particular, if P' = P is formally self-adjoint then (G^f,h) r , v ~. = (/, G±h) r ,y., for all f,h <G r§°(V). 

Theorem 2.7. Let M be a globally hyperbolic spacetime, V a vector bundle over M and P a Green- 
hyperbolic operator on V . For G± being the retarded/advanced Green's operators for P we define the linear 
map G := G+ — G_ : r^°(V) —> r£?(V). Then the following sequence of linear maps is a complex, which 
is exact everywhere: 

{0} — ► r ( r(v) -A rg°(y) A r™(V) A r-(F) . (2.7) 



3 Classical gauge field theories 

In this section we provide a general setting to describe classical gauge field theories. This requires, of course, 
more structures compared to classical field theories which are not subject to gauge invariance, i.e. classical 
matter field theories. Throughout this article all field theories are assumed to be real and non-interacting, 
i.e. the dynamics is governed by a linear equation of motion operator. The non-trivial coupling is thus only 
to fixed classical background fields, such as the gravitational field or background gauge fields. 

Before investigating classical gauge field theories we first provide a definition of a classical matter field 
theory following the spirit of [BGP07,BG11] and give some examples. 

Definition 3.1. A (real) classical matter field theory is given by a triple (M,V,P), where 

— M is a globally hyperbolic spacetime 

— V is a real vector bundle over M equipped with a non-degenerate bilinear form ( , ) v 

— P : r°°(V) — > r°°(V) is a formally self-adjoint Green-hyperbolic operator 

We say that a classical matter field theory is bosonic if ( , ) v is symmetric and fermionic if ( , ) v is 
antisymmetric. 

Example 3.2 (Klein-Gordon field). Let M be a globally hyperbolic spacetime and V := M xM.be the 
trivial real line bundle. We equip V with the canonical non-degenerate symmetric bilinear form ( , ) v , 
which is induced from the inner product on the typical fibre K given by, for all v\,V2 € K, 

(vi,v 2 } M = v 1 v 2 ■ (3.1) 

The G°°(M)-module of sections r°°(V) is isomorphic to G°°(M). 

Using the differential d : Q n {M) -> f2 n+1 (M) and its formal adjoint 6 : Q n (M) -> Q n ~ l (M), given by 
5 = (—iy iD + D * d* with D = dim(Af) and * denoting the Hodge operator, we define the Klein-Gordon 
operator of mass m S [0, oo) 

P:C 00 (M)^C 00 (M) , f ^ Pf = Sdf + m 2 f . (3.2) 

This operator is formally self-adjoint with respect to ( , ) v and normally hyperbolic, thus in particular 
also Green-hyperbolic. 

This shows that the Klein-Gordon field is a bosonic classical matter field theory according to Definition 

3.1. 
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Example 3.3 (Majorana field). For our spinor conventions see Appendix A and for a general discussion of 
spinor fields we refer to [San08]. Let M be a globally hyperbolic spacetime of dimension D mod 8 = 2, 3, 4 
equipped with a spin structure and let DM be the Dirac bundle. The typical fibre of DM is given by 
C 2 ^. We can use the charge conjugation map c : DM — > DM to define the real subbundle V := 
DM| := {e £ DAI : e c — e}, which we call the Majorana bundle. We equip the typical fibre R 2L / J of 
DM^_ with the non-degenerate antisymmetric bilinear map, for all v\, t>2 G ' 1 , 

(vi,v 2 ) R2 in/2] =ivJCv 2 , (3.3) 

where C denotes the charge conjugation matrix, i the imaginary unit and T the transposition operation. 
This induces a non-degenerate antisymmetric bilinear form ( , ) v on V = DMg. 

Let us denote by TM the tangent and by T*M the cotangent bundle on M. Using the connection 
V : r°°(V) —> r°°(V (g> T*M), which is induced by the Levi-Civita connection, and the 7-matrix section 
7 e r°° (TM (g)End(V)), which is covariantly constant, we define the Dirac operator f : r°°(V) -)• r°°(y) 
by the contraction of 7 and V. In local coordinates we have y = 7^ V M . We further define the Dirac operator 
of mass m € [0, 00) by 

P : r°°(V) r°°(l0 , f^Pf = ff + mf. (3.4) 

The operator P is formally self-adjoint with respect to ( , )y and of Dirac- type, thus in particular Green- 
hyperbolic. 

This shows that the Majorana field is a fermionic classical field theory according to Definition 3.1. 

For a classical gauge field theory Definition 3.1 is not suitable, since firstly it does not encode the notion 
of gauge invariancc and secondly, as well-known, gauge invariancc implies that the dynamics of gauge fields 
can not be governed by hyperbolic operators. To include the missing structures we propose the following 
axioms: 

Definition 3.4. A classical gauge field theory is given by a six-tuple (M, V, W, P, K, T) , where 

— M is a globally hyperbolic spacetime 

— V and W are real vector bundles over M equipped with non-degenerate bilinear forms ( , ) v and ( , ) w 

— P : r°°(V) — > r°°(V) is a formally self-adjoint differential operator 

— K : r°°(W) — > r°°(V) is a differential operator satisfying P o K = and R := o K Cauchy- 
hypcrbolic for non-trivial 

— T : r°°{W) -> r°°(V) is a differential operator, such that P := P + T o is Green-hyperbolic and 
Q := o T is Green- hyperbolic for non-trivial K / 

We say that a classical gauge field theory is bosonic if ( , )y is symmetric and fermionic if ( , )y is 
antisymmetric . 

Remark 3.5. As the following examples will show, the objects appearing in the six-tuple (M, V, W, P, K, T) 
describing a classical gauge field theory have the following physical interpretation: 

Sections of the vector bundle V describe configurations of the gauge field. The operator P governs 
its dynamics and the formal self-adjointness of P can be interpreted as saying that Pip = are the 
Euler-Lagrange equations obtained from a quadratic action functional for ip. The operator K generates 
gauge transformations by, for all tp £ r°°(V) and e £ r co (W) : ip >->• ip' = tp + Ke. Thus, sections of 
W describe configurations of the gauge transformation parameters. The condition P o K = encodes 
the gauge invariance of the dynamics, in particular it implies that pure gauge configurations Ke £ r°°(V) 
solve the equation of motion. The condition R := K' oK Cauchy- hyperbolic is used to prove that Kty = Q 
is a consistent gauge fixing condition, i.e. that any solution of Ptp = with spacelike compact support is 
gauge equivalent to a solution in the kernel of K\ see Theorem 3.12 (iv). The Green- hyperbolic operator 
P := P + T o is the equation of motion operator after the canonical gauge fixing K^ifi = 0. The 
Green- hyperbolic operator Q := K' o T ensures that the canonical gauge fixing is compatible with time 
evolution. 
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Even though K* has also the interpretation of a gauge fixing operator, we want to stress that we do 
not perform any explicit gauge fixing and work completely in terms of gauge invariant quantities when 
discussing algebras of observables. This follows in particular from Proposition 5.1 which implies that the 
canonical (anti) commutation relations of the gauge field do not depend on P, but only on P. A related 
observation is that two classical gauge field theories which differ only in the operator T can be considered 
to be equivalent, see Proposition 4.9. 

Since for a given five-tuple (M, V, W, P, A) the choice of T seems to be non-unique in general and 
since in the following examples T is usually read off from the five-tuple (M, V, W, P, K) rather than being 
given as an independent datum, a natural question is whether and under which additional assumptions a 
differential operator T satisfying the last point of Definition 3.4 exists for every five-tuple (M, V, W, P, A') 
satisfying the first four points of Definition 3.4. Unfortunately, a satisfactory answer to this question, which 
would allow us to treat linear gauge theories solely in terms of five-tuples (M, V, W, P, A) , seems to be 
non-trivial and is beyond the scope of this work. For this reason we have chosen to consider T as an 
additional datum in our following general treatment of linear gauge theories. 

Before providing non-trivial examples of classical gauge field theories we show that any classical matter 
field theory is also a classical gauge field theory with trivial gauge structure K. 

Proposition 3.6. Let (M, V, P) be a classical matter field theory and let T : r°°(V) — > r°°(V) be an 
arbitrary differential operator. Then (M, V, V,P,K = 0, TJ is a classical gauge field theory with trivial 
gauge structure K = 0. 

Proof. Since A = we also have K' = 0. All conditions of Definition 3.4 are easily verified. □ 
The standard examples of linearised bosonic and fermionic gauge field theories also fit into Definition 

3.4. 

Example 3.7 (Linearised Yang-Mills field). The Yang-Mills field should only serve as an illustrative 
example. This is why we restrict ourselves to the case of trivial gauge bundles in order to simplify the 
discussion. 

Let M be a globally hyperbolic spacetime and g be a real semisimple Lie algebra. Let W be the trivial 
vector bundle W := M xg and V := W ® T*M, with T*M denoting the cotangent bundle. We equip W 
with the non-degenerate symmetric bilinear form ( , ) w induced from the Killing form on the typical fibre 

0, for all wi,w 2 G 0, 

(wi,w 2 ) g = Tr(&d wi &d W2 ) (3.5) 

and V with the non-degenerate symmetric bilinear form ( , ) v given by the product of ( , ) w and the 
inverse metric g~ x on M. The C°° (M)-module of sections r°°(W) is isomorphic to the C°° (M)-module 
of 0- valued functions C°°(M,q) and r°°(V) is isomorphic to the 0- valued one- forms Q 1 (M, g). 

A Yang-Mills field in this setting is a section A G i7 1 (M, 0). The curvature of A is given by F = AA + 
\ [A, A] G S2 2 (M, 0). We define the covariant differential d A : Q n {M, q) -> L?" +1 (M, 0) by d A n := dn+[A, 77] 
and denote its formal adjoint by S A : Q n (M,g) -» !?™ _1 (M,0). Explicitly, 5 A n = (-iy iD + D *d A *n, where 
* denotes the Hodge operator and D = dim(M). The Yang-Mills equation reads S A F = 0. 

Let us now linearise the Yang-Mills field A around a solution Aq 6 i7 1 (M, 0) of the Yang-Mills equation, 

1. e. we write A = Aq + a with a G J7 1 (M, 0) and consider only terms linear in a. The linearised curvature 
reads Fi: n = F + d Aa a, where Fq is the curvature of Aq and d A ° the covariant differential given by Aq. 
The linearisation of the Yang-Mills equation yields 

= S Aa F + 5 Aa d Aa a + (-1) D * [a, *F ] = 5 A °d A °a - *[*F , a] , (3.6) 

since Aq is on-shcll. We define the differential operator P on Q 1 (Af 0) ~ r°°(V), 

P : 1 (M,g) -> J? 1 (A/, 0) , a^Pa = 5 Ao d Ao a-*[*F ,a] . (3.7) 



It is formally self-adjoint with respect to ( , } 
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The gauge invariance of the full (not linearised) theory is given by transformations A M> A + d A e 
labelled by e G C°°(M,g). Notice that C°°(M, g) ~ r°°(W). If we linearise the gauge transformations we 
obtain for all e G C°°(M, g) the transformation law a M- a + d A °e. Let us define the operator K by 

K : C°°(M, g) -> Q 1 {M, g) , e H- Ke = d Ao e. (3.8) 

It is a standard calculation to check that P o K = 0, provided the background Yang-Mills field A is 
on-shell, i.e. S A °F = 0. 

We define further the operator 

T : C°° (M, g)^^ 1 (M, g) , rj ^ Ti] = d A ° v . (3.9) 

Notice that T = K and that P := P + T o ift = S A " o d A ° + d A ° o (5 A ° - *[*P , • ] is normally hyperbolic 
and thus in particular Green-hyperbolic. We further obtain Q := o T = S A " o d A " , which is a normally 
hyperbolic operator on C°°(M, g) and thus in particular Green-hyperbolic. The operator R := A't of = 
J^o o d' 40 agrees with Q and is Cauchy-hypcrbolic. 

This shows that the linearised Yang-Mills field on a trivial g-bundlc is a bosonic classical gauge field 
theory according to Definition 3.4. 

Example 3.8 (Linearised general relativity). The case of linearised D=4 general relativity in presence of 
a cosmological constant A has been recently studied in detail by Fewster and Hunt [FH12]. We briefly show 
that this theory is a bosonic classical gauge field theory according to Definition 3.4 and refer to [FH12] for 
more details. As in this paper we restrict ourselves to D=A and employ a tensor index notation to simplify 
readability. 

Let M be a globally hyperbolic spacetime of dimension P=4. Let further W := T*M be the cotangent 
bundle and V := \/ 2 T*M be the bundle of symmetric contravariant tensors of rank 2. The metric g^ v G 
r°° (V) of the globally hyperbolic spacetime M is assumed to be a solution of the vacuum Einstein equations 
Riu/ = Ag^ iu , with denoting the Ricci tensor of g pv . We equip W with the canonical non-degenerate 
symmetric bilinear form ( , ) w induced by the inverse metric g^ on M and V with the non-degenerate 
symmetric bilinear form 

(/, h) v = T V = W (U» - /) V = rK» -\f h > ( 3 - 10 ) 

where / = fjj = g^ v is the trace and ~ is called the trace-reversal operation. 

Let us consider fluctuations g pv + e pv , with e^ u G r°°(V), of the background metric. The equation of 
motion operator obtained by linearising the vacuum Einstein equations reads for the trace-reversed metric 
fluctuations h^ v ■— Zp,v = e^u - \g P v e 

P : r°°(F) r°°{v) , v ^ { p h)„u = ff^vvv + D V + 2A V - 2VV ( ^ )p , (3.11) 

where V denotes the Levi-Civita connection corresponding to g pv and □ = V M V ;t = g^'V^V^ the 
d'Alembert operator. The parenthesis ( ) denotes symmetrisation of weight one. It can be checked that P 
is formally self-adjoint with respect to ( , )y. 

The gauge invariance of linearised general relativity is governed by the operator 



K : r°°(W) r°°(V) , Wft ^ (Kw)^ = V (M ^) - V (AlW , y) - -g^V p w p . (3.12) 

The property P o K — 0, which holds for backgrounds satisfying the on-shcll condition R^ v = Ag^ Vl has 
already been verified in [FH12], see also [SW74]. More precisely, the operators Pfh and Afh of Fewster 
and Hunt are related to ours by P = — 2 Pfh ° ~ and K = | ~ o Afh and from Pfh -Kfh = it follows 
P o K = —Pfh ~ ° ~ ° Afh = —Pfh ° Afh = 0, since the trace-reversal squares to the identity. The 
formal adjoint of A is given by, for all h pu G r°°{V), {K^h) p = —V v h fiu . 
Let us further define the operator 

T : r°°(W) -»• r°°(V) , w p ^ (Tw)„ v = -2(Kw)^ = -2 (v ( »w v) - ^WwA . (3.13) 
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For P := P + T o A* we obtain 

P: T^iV) ^ r°°(V) , h tlv ^{Ph) llv = Uh^-2RP lM Jh ptT , (3.14) 

where R P „J is the Riemann tensor. This is a normally hyperbolic operator and thus in particular Green- 
hyperbolic. For Q := K* o T we obtain 

Q : r°°{W) -»• r°°(W) , Wfl ^ (Qw)^ = Ow^ + Aw^ , (3.15) 

which is also a normally hyperbolic operator and thus in particular Green-hyperbolic. The operator R := 
A't o K = —\Q is a multiple of a normally hyperbolic operator and in particular Cauchy-hyperbolic. 

This shows that linearised general relativity in presence of a cosmological constant is a bosonic classical 
gauge field theory according to Definition 3.4. 

Example 3.9 (Toy model: Fermionic gauge field). Before introducing the Rarita-Schwinger gauge field 
as an example of a fermionic gauge field theory in Example 3.10 we first discuss a simple toy model. 

Let M be a globally hyperbolic spacetime and let (R 2m , fl) , with m € N, be the symplectic vector space 
of dimension 2m, i.e. Q is a non-degenerate antisymmetric 2m x 2m-matrix. We define W := M x R 2m 
to be the trivial vector bundle and equip it with the non-degenerate antisymmetric bilinear form ( , } w 
induced from the symplectic structure on the typical fibre, for all wi,W2 E R 2m , 

(wi,w 2 ) n := wjf2w 2 ■ (3.16) 

We further define V := W ® T*M, where T*M is the cotangent bundle, and equip it with the non- 
degenerate antisymmetric bilinear form ( , ) v given by the product of ( , ) w and the inverse metric g~ x 
on M. The C°°(M )-modulc of sections r°°(W) is isomorphic to the C°°(Af)-module C°°(M,R 2m ) and 
r°°(V0 is isomorphic to the R 2m -valued one-forms ]? 1 (M,R 2m ). 
We define the operator 

P : Q 1 (M,R 2m ) ->• f2 1 (M,R 2m ) , a t-> Pa = Sda , (3.17) 
which is formally self- adjoint with respect to ( , ) v . We further define 

K : C°°(M,lR 2m ) -> f2 1 (M,R 2m ) , e ^ Ke = de . (3.18) 

It obviously holds P o K = and the formal adjoint of K is K' = 5. Defining the operator 

T : C°°(M,R 2m ) -> Q 1 (M,M 2m ) , e ^ Te = de , (3.19) 

we obtain that the operators P := P + T o K t = 5 o d + d o 5 (on Q X {M, M 2 " 1 )) and Q := ift oT = S od 
(on C°°(M, R 2 ™)) are normally hyperbolic and thus in particular Green- hyperbolic. Since T = K we also 
have that i? := o K = 5 o d is a normally hyperbolic operator on C°°(M, R 2m ) and in particular 
Cauchy-hyperbolic . 

The six-tuple (M, V, W, P, A, T) is thus a fermionic classical gauge field theory according to Definition 

3.4. 

Example 3.10 (Rarita-Schwinger gauge field). Our model for the Rarita-Schwinger gauge field is inspired 
by D=4 simple supcrgravity, which we will briefly sketch. For details on supergravity we refer to [VN81, 
Nil83,WB92]. The field content of this theory is the gravitational field, described by a vierbein E, and 
the gravitino field & . The action functional is given by a locally supersymmetric extension of the Einstein- 
Hilbert action of general relativity. Solutions of the corresponding equations of motion in a trivial gravitino 
background \P = are given by Ricci-flat Lorentzian manifolds (M,g). We are interested in modelling 
linearised fluctuations of the gravitino field around these backgrounds. 

As we have already seen in the Examples 3.7 and 3.8, the on-shell conditions for the background fields 
are necessary to maintain gauge invariance of the linearised gauge field theory. Thus, we are forced to 
assume that M is a globally hyperbolic spacetime which is Ricci-flat and equipped with a spin structure. 
We take D mod 8 = 2,3,4 in order to have a suitable Majorana condition available, see Appendix A for 
our spinor conventions. The Rarita-Schwinger gauge field on more general spacetimes requires the coupling 
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of supergravity to matter fields and will be discussed elsewhere. We also assume that D > 3 to have a 
non-trivial equation of motion for the gravitino (otherwise the defined below is trivial; note that this 
is well in accord with the fact that gravity in D=2 is not dynamical). We define W := DM| to be the 
Majorana bundle (see Example 3.3) and V := DM^®T*M, where T*M denotes the cotangent bundle. We 
equip W with the canonical non-degenerate antisymmetric bilinear form ( , ) w , see (3.3) for an expression 
on the typical fibre. It is convenient not to use the supergravity gravitino ^ 6 r°°{V) (linearised around 
the trivial configuration) as the dynamical degrees of freedom, but to do a field redefinition instead. This is 
similar to the trace-reversal we have used in Example 3.8. Using the 7-section 7 6 r°° (TM eg) End(DMR)) 
we define the linear map ~ : r°°(V) — > r°°(V), which is given in local coordinates by, for all ip G -T°°(F), 
ip/i '■= ip/j, — jT^lfj. 7"Vv, where 7^ = ,g Aip 7 p . Notice that 7 M W = — ijrfT^Vv an d that ~ is invertible via 
~~ given locally by ip^ 1 = Vv — \l^l v '4 ) iy We define the Rarita-Schwinger gauge field ip G r°°(V) by 
the equation )& = \j), where \P G r°°(V) is the linearised supergravity gravitino field. We equip V with the 
non-degenerate bilinear form ( , ) v , which reads in local coordinates 

{^i,ih) v ■= (fi^^w = (rh^w + p^mi^^w ■ (3.20) 

Notice that ( , ) v is antisymmetric. 

The equation of motion for the linearised supergravity gravitino field W G r°°(V) is obtained by 
the supergravity action and it is given by the massless Rarita-Schwinger equation, which reads in local 
coordinates 7 pi/p V„!? - p = 0, where ^ vp = ^^^p\ the parenthesis [ ] denotes antisymmetrisation of 
weight one and V is the connection on V = I? Mr ® T*M induced by the Levi-Civita connection. For the 
redefined degrees of freedom ip E r°°(V) with & = ip the dynamics is governed by the equation of motion 
operator P, given in local coordinates by 

p ■. r°°(v) -»• r°°(u) , ^ 1 ¥ (pv)m = ti>n - i^ v ^ ■ (3.21) 

This operator is formally self-adjoint with respect to ( , ) v . 

The linearised local supcrsymmctry transformations act on the supergravity gravitino field £ r°°(V) 
by H/p M> ty^ + V M e, where e G r°°(W). For the redefined degrees of freedom -0 £ r°°(V) with & = ip we 
obtain the operator K, given in local coordinates by 

K : r°°(W) -> r°°(V) , e ^ (A'e) M - V^e" 1 = V M e - ]prfe . (3.22) 

By a standard calculation one checks that P o K = if and only if the metric g is Ricci-flat, which 
was exactly the on-shell condition imposed by supergravity. The formal adjoint of K is given by, for all 

/ g r°°(v), tff = -v/ M . 

Let us further define the operator 

T:r°°(W)^r°°(V) , / ^ (T/% = - 7/ J ■ (3.23) 

Then P := P + ToK^ is simply the (twisted) Dirac operator on V, given in local coordinates by (Piji)^ — 
V W We further find that the operator Q := K'oT is the Dirac operator on W (remember that the section 
7 is covariantly constant). These operators are of Dirac-type and thus in particular Green- hyperbolic. For 
the operator R := K'oK we find, for all e G r°°(W), Re = — ^V^V^e, where we have used that the metric 
g is Ricci-flat. This is up to a constant prefactor a normally hyperbolic operator and thus in particular 
Cauchy- hyperbolic. 

This shows that the Rarita-Schwinger gauge field is a fermionic classical gauge field theory according 
to Definition 3.4. 

We collect important properties of classical gauge field theories which follow from the Definition 3.4 
and will be required later for the construction and analysis of the algebra of obscrvablcs. Before, we have 
to introduce some notations: 

Definition 3.11. Let (M, V, W, P, K, T) be a classical gauge field theory. We define the following spaces: 
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- Kero(ift) := {h £ P °°(U) : K*h = 0} 

- Sol:={fer s ?(V):Pf = 0} 
-Q:= K[r s f(W)} := {Kh : h £ r£(W)} 

- Q:= K[r°°(W)} n r™(V) = {Kh e r~(V) : h e p°°(w)} 

Notice that Q C C Sol, where the last inclusion is due to P o A' = 0. We say that ip, ip' £ r^(V) are Q- 
gauge equivalent, if there exists a Ae £ such that ip' = ip + Ae. Analogously, we say that -0, -0' £ -Tj£?(V) 
are Q -gauge equivalent, if there exists a Ae £ Q such that 0' = ip + A"e. Since the inclusion £/ £ holds 
true, (/-gauge equivalence implies C?-gauge equivalence. 

Theorem 3.12. Let (M, V, W, P, A, T) be a classical gauge field theory with P := P+ToK\ Q := A"*oT 
and R := At o A. Let ms denote by G± : P^°(U) — > P°°(V) the retarded/advanced Green's operators for 
P. In case o/J(/0 we denote by G±,G± : Pq°(W) r°°(W) the retarded/advanced Green's operators 
for Q and R, respectively. Then the following hold true: 

(i) if'oP = QoJft and P o A = T o R. 

(ii) If A ^ 0, then A+ o G£ = G^ ° # f on P °°(F) and K o G^ = G^ o T on r§° (W). 
(in) G p := G p - G p satisfies, for all f, h £ Ker (At), 

(f,G p h) r(v) = -(G p f,h) r(v) . (3.24) 

That is, G p is formally skew-adjoint with respect to ( , ) v on the kernel Kcr (At) C Pq°(V). 
(iv) Any ip £ r™(V) is Q-gauge equivalent to a ip' £ r™(V) satisfying K*ip' = 0. 

In particular, any ip £ Sol is Q-gauge equivalent to a ip' £ Sol satisfying K^ip' = and thus also 
Pip' = 0. 

(v) Any ip £ Sol satisfying K'tp = is Q-gauge equivalent to G p h for some h £ Kero(At). 
(vi) Let h £ Kcr (A't), then G p h £ Q if and only if h £ P[r§°(V)]. 

(vii) Let T' : r°°(W) —> r°°(V) be an arbitrary differential operator such that replacing T by T' is a 
classical gauge field theory and let P' := P + T' o A. Then (f,G± h)p(y) = (/> r(v)> f or a ^ 
/,/i£Ker (At). 

Proof. Proof of (i): Since P is formally self-adjoint and P o A' = we obtain K' o P = 0. It follows 
A f o P = At o T o At = Q o A+ and P o K = T o At o K = T o R. 

Proof of (ii): Using (i) we obtain, for all /i £ P °°(W0 and / £ r§°(V), 

{h,K*Gif) rm = (Q^G^h,K^G p f) r(w) = (G^h,QK^Glf) r[w) 

= (G$ h, K^PGlf) r{w) = {G$ h, I^f) r[w) = (h, G%tff) rm , (3.25) 

where we also have used Lemma 2.6 in the last equality. The hypothesis now follows from the non- 
degeneracy of ( , ) w . The other identity is proven analogously. 

Proof of (iii) : For A = we have P = P and the hypothesis follows from the fact that P was assumed 
to be formally self-adjoint and Lemma 2.6. Let us now assume that A ^ and consider f,h£ Kero(At). 
From (ii) we obtain K^G^f = G^K^f = and similarly K^G^h = 0. Thus, 

{f,Glh) r{v) = (PG p f,G p h) r{v) = (PG p f,G p h) r(v) = {G p f,PGlh) r{v) 

= (G p f, PG p h) r{v) = (G p f, h) r{v) , (3.26) 

where we have used in the second and fourth equality that on Ker(At) the operator P equals P and in 
the third equality that P is formally self-adjoint. This in particular shows (3.24). 
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Proof of (iv): Let tp G r^(V) be arbitrary and let e G r™(W). We define ip' := tp + A'e and obtain 
from the condition A'V = the equation K^Ke = -Kty. Since Kty G P S ^(VT) and R = o K 
was assumed to be Cauchy-hyperbolic this equation has a solution e G /^(W), see [BF09, Chapter 3, 
Corollary 5] for a discussion of how to treat inhomogeneities of non-compact support. It then holds that 
V/ = V + Ke G r™(V) with #V = o and Ke G Q. 

Proof of (v): We first note that as a consequence of (ii) and Theorem 2.7 we obtain that G p h with 
h G r™(V) satisfies K*G p h = G^K^h = if and only if K^h G Q[r o °°(W)]- 

Let now -0 G Sol be such that K'tp = 0. As a consequence, P?/> = and since P is Green-hyperbolic 
there is a h G Pq°(V) such that ^> = G p /i, see Theorem 2.7. Due to the argument above, we have K^h = Qk 
for some k G Pq°(W). Let us consider the following C/-gauge transformation 

ip - KG R k ( = V - G p Tfc = G p (h - Tk) . (3.27) 

Defining h' := h — Tk we have shown that tp is 5-gauge equivalent to G p h! with if^/i' = K^h — K'Tk = 
Qk - Qk = 0, i.e. h' G Ker (A^). 

Proof of (vi): If h = Pf G P[P °°(y)] then G p h = G P P/ = -G p TK^f = -KG R K^f is an element in 
Q. To show the other direction, let h G Kero(A7) be such that there is a k G r^?(W) satisfying G p h = Kk. 
It follows that K^Kk = and since R = A T o K is assumed to by Cauchy-hyperbolic there is by Theorem 
2.7 an / G rg°(W) such that k = G R f. Using (ii) we obtain Kk = KG R f = G p Tf = G p h, which 
implies h-Tf = Pq for some q G T^(V). The condition K^h = further leads us to —K^Tf = QK^q, 
i.e. Q(K^q + /) = 0, and since / and q are of compact support we have by Theorem 2.7 / = —K'q. Thus, 
h = Tf + Pq = —TK^q + Pq = Pq. 

Proof of (vii): For arbitrary /, h G Kero(A^) we compute using (iii) and (ii) 

(f,G p h) r ^ = (G p f, h) r ( V ) = (G p f, P'G P h) r ( V j 

= {G p f, PG p ± h) r(v) + {G p f, (r' - T)K*G%h) nv) = </, G p ± h) r(v) . (3.28) 

□ 



4 Gauge invariant on-shell algebra of observables 

The goal of this section is to construct from the data of a classical gauge field theory (M, V, W, P, K, T) a 
suitable quantum algebra of gauge invariant observables describing the quantized gauge field theory. We 
will first review the quantization of bosonic and fermionic matter field theories and then extend these 
constructions to gauge field theories. We again follow the spirit of [BG11], where also more details on 
bosonic and fermionic quantization can be found. 

The strategy to quantize a bosonic (fermionic) matter field theory (M, V, P) is to first associate to it a 
suitable symplcctic (inner product) space, which is then quantized in terms of a CCR (CAR) representation. 

Proposition 4.1. Let (M, V, P) be a classical matter field theory, denote the Green's operators for P by 
G± and G := G+ — G_. We define the vector space £ := r^ (V)/P[T^ (V)} and the bilinear map 

r:£x£^R, ([f],[h})^r([f],[h})=(f,Gh) r(v) = [ vol M (/, Gh) v . (4.1) 

J M 

Then the map r is well-defined and weakly non-degenerate. If further (M, V, P) is bosonic, then r is 
antisymmetric, i.e. (£,t) is a symplectic vector space. If [M,V,Pj is fermionic, then r is symmetric, 
i.e. (£,t) is an (i.g. indefinite) inner product space. 
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Proof. The map r is well-defined, since G is formally skew-adjoint with respect to ( , ) v (see Lemma 2.6) 
and we have G o P = on r§°(V). 

We now show that r is weakly non-degenerate. Notice that because of the non-degeneracy of ( , ) v the 
condition {f,Gh) r(y) = 0, for all / G rg°(V), implies Gh = 0. By Theorem 2.7 there exists k G r$°(V), 
such that h = Pk, meaning that [h] = [0]. Thus, r is weakly non-degenerate. 

Using again the skew-adjointness of G and the symmetry (antisymmetry) of ( , ) v for a bosonic 
(fermionic) matter field theory we obtain, for all [/], [h] G £ , 

r([f],[h}) = (f,Gh) nv) =-(Gf,h) nv) =T(h,Gf) r{v) =Tr{[h},[f]) , (4.2) 

where — is for bosonic and + for fermionic theories. □ 

For a physically and also mathematically consistent quantization of fermionic field theories we have to 
demand further a positivity condition on r. See the Remarks 4.6 and 4.8 below for a detailed comment. 

Definition 4.2. A fermionic classical matter field theory [M,V,P) is of positive type if (£, t) is a (real) 
pre-Hilbert space, i.e. the map r is positive definite. 



We provide examples of fermionic classical matter field theories of positive type in the next section. 
Any bosonic classical matter field theory can be quantized in terms of a CCR-representation. 

Definition 4.3. A CCR-representation of a symplectic vector space (£, t) is a pair (w, A), where A is a 
unital C*-algebra and w : £ — > A is a map satisfying: 

(i) A = C*(w(£)), 

(ii) w(0) = 1, 

(iii) w(/)* = w(-/), 

(iv) w(/ + h) = e iT< J' h V 2 w(/)w(/i), 

for all f,h G £. 



Furthermore, any fermionic classical matter field theory of positive type can be quantized in terms of 
a CAR-representation. 

Definition 4.4. A (self-dual) CAR-representation of a pre-Hilbert space (£,t) over R is a pair (b,A), 
where A is a unital C* -algebra and b : £ A is a linear map satisfying: 

(i) A = C*{b{£)), 

(ii) b(/)* = b(/), 

(iii) {b(f),b(h)}=r(f,h)l, 

for all f,h G £. 



The following theorem is proven in [BG11,BGP07]. 

Theorem 4.5. There exists up to C* -isomorphism a unique CCR-representation (CAR-representation) 
for every symplectic vector space (pre-Hilbert space). 

Remark 4.6. For defining the CCR-representation we have assumed that the map r is weakly non- 
degenerate. While for a bosonic classical matter field theory this is automatically given by Proposition 4.1, 
this condition turns out to be too restrictive for gauge field theories, see Section 5 for a discussion. The 
quantization of a pre-symplectic vector space (£ , r) can always be performed in terms of a field polynomial 
algebra. However, one looses the C*-algebra property when making this choice. Fortunately, in [BHR04] the 
existence and uniqueness of the Weyl algebra for a generic pre-symplectic vector space has been proven. 
This means that Definition 4.3 can be extended to any pre-symplectic vector space and the result of 
Theorem 4.5 is unaltered in this case. We refer to [BHR04] for details on Weyl algebras of degenerate pre- 
symplectic vector spaces. We finish this remark by noting that a similar result for degenerate pre-Hilbert 
spaces and their CAR-quantization are not known to us. 
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Remark 4.7. This remark is quite standard, however, it is essential for understanding our construction 
of the algebra of observables for a gauge field theory. 

Let (£, t) be the symplectic vector space associated to a bosonic classical matter field theory (M, V, P) , 
i.e. £ = rg°(V)/P[r^°(V)} and r as given in (4.1). The Weyl symbols w([/]), [/] G £, are physically 
interpreted as quantizations of the following functionals W/, / £ r^°(V), on the configuration space 
r°°(V) of the classical matter field theory 

w f : r°°(V) -> C , V >->• w/[^] = e 4 <^->W) . (4.3) 

The on-shell condition Pip = is then encoded on the level of the functionals by identifying Wpj by 
the constant functional 1 (use (4.3) and that P is formally self- adjoint). The functionals on the on-shell 
configuration space are thus labelled by equivalence classes, i.e. elements in £ = r§°(V)/P[r§°(V)]. 

An analogous interpretation holds for a fermionic matter field theory, where the symbols b([/]), [/] G £ , 
are interpreted as quantizations of the functionals 

b r .r°°(V)^R, ip^b f [ip] = W,f) r{v) , (4.4) 

with / G r^°(V). The on-shell condition Pip = is encoded here by identifying the functionals bp/, 
/ G rQ°(V), with 0, giving rise to the vector space £ = (V) / P[r§° (V)} which labels the functionals on 
the on-shell configuration space. 

Remark 4.8. We give a physical motivation for the positivity requirement for fermionic matter field 
theories given in Definition 4.2. Take any [/] G £ and consider the corresponding symbol b([/]). From 
Definition 4.4 (ii) and (iii) it follows that 

{b([/]), b([/])} = 2 b([/])* b([/]) = r([/], [/]) 1 . (4.5) 

Assume that we have a representation of this algebra on a Hilbert space and let \W) be any normalised 
vector ( , L r \'L r ) = 1. Taking the expectation value of both sides of (4.5) gives us the equality r([/], [/]) = 
2 (b([/])<?|b([/])<^). If now r([/], [/]) < the vector |b([/])<?) has a negative norm square, which is incon- 
sistent with the Hilbert space assumption. In case r([/], [/]) = the Hilbert space vector |b( [/])<?) has 
zero norm and since \W) has been an arbitrary normalised vector the operator associated to b([/]) is the 
zero operator in any Hilbert space representation. 

Let us now consider a classical gauge field theory (M, V, W 1 P, K, T) . The goal is to construct a pre- 
symplectic vector space for bosonic and a possibly indefinite inner product space for fermionic classical 
gauge field theories. Following the interpretation of Remark 4.7 we are thus looking for a suitable vector 
space of smearing functions. It turns out to be convenient to directly encode gauge invariance on the 
level of this vector space, leading later to a quantization of only the gauge invariant degrees of freedom. 
Let us for example consider a bosonic classical gauge field theory: We can again consider functionals on 
the off-shell configuration space as in (4.3). Such a functional w/ is gauge invariant, i.e. independent on 
whether we evaluate it on ip or ip + Ke with e G r°°(W), if and only if K'f — 0. Indeed, 

Wf[lp + Ke] = e i &+ K '>f)r<y) =e H4',f)r i v ) +^^f) r(Wj =W/ [^] } ( 4 6 ) 

for all e G r°°(W) if and only if K^f = 0. Thus, in order to capture the gauge invariant degrees of freedom 
we should consider instead of Po°(V) only the kernel Keio(K^) C r£°(V) of when formulating the 
space £ for gauge theories. The implementation of the on-shell condition is then a suitable quotient by 
the equation of motion operator. This construction can be performed and a well-defined pre-symplectic 
structure (respectively, indefinite inner product structure) can be defined on £ for bosonic (respectively 
fermionic) gauge field theories. 

Proposition 4.9. Let (M, V, W, P, K, T) be a classical gauge field theory with P := P+ToK\ Q := K^oT 

andR:=K^oK. Let us denote by G± the retarded/advanced Green's operators for P and G p := G^ — G 1 !. 
We define the vector space £ := Ker (if t )/P[r oo (l/)] and the bilinear map 

t:£x£^R, ([f],[h]) ^ r([f],[h]) = (f,G p h) r{v) = [ vol M (/, G p h) v . (4.7) 

J M 
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Then the map r is well-defined. Furthermore, r is antisymmetric for bosonic gauge field theories and 
symmetric for fermionic ones. Finally, let T' : r°°(W) — > r°°(V) be an arbitrary differential operator 
such that (M, V, W, P, K, V) is a classical gauge field theory and let r' : £ x £ — > R be defined in analogy 

to (4.7) by means of G p ' with P' := P + T o . Then r' = r. 

Proof. For the trivial case K = the proof is as in Proposition 4.1. In particular, the vector space £ 
and the map r are then exactly those of a classical matter field theory. So let us assume that K ^ 0. 
According to Theorem 3.12 (iii) G p is formally skew-adjoint with respect to { , ) v on Kero(i^'). That r 
is well-defined follows from this fact and the following calculation, for all / € Kero(-RT') and h £ r§°(V), 

(f,G p Ph) r(v) = (f t G p (P-Ttf)h) r(y) = -(f,KG R K^h) r{v) 

= -(K^f,G R T^h) r{w) =0 , (4.8) 

where in the second equality we have used Theorem 3.12 (ii) and G p Ph = 0. 

The antisymmetry (symmetry) of r for bosonic (fermionic) gauge field theories is proven as in the proof 
of Proposition 4.1. 

The last statement follows immediately from Theorem 3.12 (vii). □ 

In contrast to classical matter field theories we can not guarantee that the map r is weakly non- 
degenerate for a classical gauge field theory. For bosonic gauge field theories this is mathematically not 
problematic, since the CCR-representation of Definition 4.3 is also available and well-behaved for degen- 
erate pre-symplectic vector spaces, see Remark 4.6. Physically, these degeneracies might be interpreted 
as charge observables and are worth being studied in detail for the important examples of gauge field 
theories, see [DHS12] for the Maxwell field case. In order to quantize fermionic gauge field theories we have 
to require analogously to Definition 4.2 positivity of the inner product. 

Definition 4.10. A fermionic classical gauge field theory (M, V, W, P, K, T) is called of positive type if r 
is positive definite, i.e. (£,t) is a (real) prc-Hilbert space. 

Bosonic classical gauge field theories can be quantized via the CCR-rcprcscntation (see Definition 4.3 
with a possible extension to pre-symplectic vector spaces as in Remark 4.6) and fermionic classical gauge 
field theories of positive type via the CAR- representation (sec Definition 4.4). Although a quantization of 
fermionic classical gauge field theories in terms of a field polynomial algebra is also mathematically possible 
if they are not of positive type, the physical interpretation of such a quantum theory would remain unclear, 
cf. Remark 4.8. It thus remains to study if a given fermionic classical gauge field theory (M, V, W, P, K, T) 
is of positive type or not. From the physical perspective it is also interesting to understand if a given 
bosonic classical gauge field theory has a weakly non-degenerate r or not. 

Irrespective of the non-degeneracy or positivity of r we can already prove an important structural 
property of the (classical and quantized) gauge field theory corresponding to (M, V, W, P, K, T) . 

Proposition 4.11. Every gauge field theory (M,V,W, P, K,T^J satisfies the time-slice axiom: Let S be 
an arbitrary Cauchy surface in [M,g) t and let S± be any two other Cauchy surfaces such that S C 
(j-(E+)n J + (S-))- Then for every [f] G £ there is a representative f £ Keio(K^) with supp(/) C 

(J- (z + )nJ + (£-)). 

Proof. We can obtain such / by a standard construction. Let h € [/] be arbitrary. Without loss of generality 
we can assume that supp(ft-) C J + (S-). We pick a smooth function x such that \ — on J~(ZJ-) and 
X = 1 on J + (E + ) and define 

f:=h- P X G ? h . (4.9) 

One can now verify that xG^h has compact support, whence [/] = [h], and that / has the required support 
property. □ 
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5 Non-degeneracy and positivity of gauge field theories 

Let (M, V, W, P, K, T) be a classical gauge field theory and denote by (£, r) the vector space of Proposition 
4.9 equipped with the bilinear map r, which is antisymmetric for bosonic and symmetric for fermionic 
theories. In order to investigate if r is weakly non-degenerate for bosonic or respectively positive definite 
for fermionic theories it is in some cases convenient to induce an equivalent bilinear map on the space of 
solutions of P. 

Let us denote by Sol := {ip £ r™(V) : Pip = 0} the space of all solutions of P with spacelike 
compact support. For every ip there exists a compact set C C M, such that supp(i/j) C J(C). We can split 
tp = + ip~ such that supp(V' ± ) C J ± (C). This splitting is not unique and the difference between two 
such splittings xp = ?/> + + tp~ = ?/> + + ip~ is given by a compactly supported section ip + — -0 + = ?A _ — ip~ =■ 
X £ Po°(V). We define on Sol the bilinear map 

(, > Sol : Sol x Sol ^ K , (fh,fo)*(1>l,i>2}86l = (P1>t,'h)rm- (5- 1 ) 

This map is well-defined, since firstly from Pip\ — it follows that Pipf = —Pipi and in particular that 
Pipf has compact support, such that the integral exists. Secondly, it is independent of the splitting, 

(Pipx ',ip2)r(v) = ( p ^i^2)r(v) + ( p X^2)r(v) 

= (lpl,tp2)so\ + (x,Plp2)r(V) = (V^V^Sol > (5-2) 

where we have used that P is formally self-adjoint and that Pip2 — 0. Notice that the map (5.1) is not 
trivial, since xpi and ip2 i-g- do not have compact overlapping support and thus we can not integrate by 
parts P to the right side. 

Proposition 5.1. The following statements hold true: 

(i) The map ( , ) Sol is antisymmetric for bosonic and symmetric for fermionic gauge field theories, 
(ii) The map { , ) Sol is Q-gauge invariant, i.e. for all ip £ Sol and e £ r°°(W) such that Ke £ r^(V) we 
have (tp,Ke) Sol = (Ke,ip) Sol = 0. 

In particular, the map ( , } Sol induces well-defined bilinear maps on the quotients Sol/G and Sol/Q 
(remember that Q QQ). 
(Hi) Let f,h £ Ker (-KT^) ; then 

(G p f,G p h) Sol = T({f],lh}) . (5.3) 

Proof. Proof of (i): Let ipi,ip2 S Sol be arbitrary and consider the splittings ipi = ipt + V\ Tj * = 1; 2. Notice 
that from Pip { = is follows that Pipf = -Pi<~. Then 

= -{Pi\^4)r(v) + &i,Pi>2)nv) = -Q>x,P1>t)r<y) ~ (4>i,P1>2)r(v) 

= -{^i,Pipt) r(V) =T{P^2^i)r(v) = T (ifa, ^i)soi . (5-4) 

where — is for bosonic and + for fermionic theories. All integrations by parts of P in the calculation above 
are well-defined, since the integrals are always over functions with compact support. 

Proof of (ii): Let ip £ Sol and Ke £ Q. We obtain 

(1>, Ke) Sol = (P^+,Ke) r{v) = (rfPi/>+, e) r(w) = . (5.5) 

In the second equality we have used that Pip + is of compact support and in the third equality that 
KUP = 0. By (5.4) we have (Ke,^) Sol = -(Ke,P^+) r{v) = -(e, K^P^+) r{w) = 0. 

Proof of (iii): Let /, h £ Ker (if f ). Then G P f, G p h £ Sol, since 

PG p f = {P- TK r )G p f = -TK^G p f = , (5.6) 
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where in the last equality we have used Theorem 3.12 (ii). The same applies for G p h. A convenient 
decomposition is given by G p f = G p f — G p f and we find 

(G p f, G p h) Sol = (PG p f, G p h) r{v} = (PG p f, G p h) r(v) = (f, G p h) r(v) = r([f], [h]) , (5.7) 

where in the second equality we have used Theorem 3.12 (ii). □ 

We combine the statements proven in Theorem 3.12 and Proposition 5.1 in order to construct an 
isomorphism between the space (£, r) of Proposition 4.9 and the space (Sol/5, ( , )s Q i)- 

Theorem 5.2. The sequence of maps 

Ker (K t ) A Sol A Sol (5.8) 

induces a well-defined sequence of maps on the quotients (which we denote with a sliqht abuse of notation 
by the same symbols) 

£ = KeT (K^/P[rS°(V)} A So\/g A Sol/0 . (5.9) 

The first map is an isomorphism and the second map is a surjection which becomes an isomorphism if 
and only if Q = Q. Furthermore, the sequence of maps (5.9) preserves the bilinear mappings in (£,r), 
(Sol/0, (, ) Sol ) and (Sol/0, (, ) Sol ). 

Proof. From Theorem 3.12 (vi) it follows that the first map is well-defined and injective. Surjectivity of 
the first map follows from Theorem 3.12 (iv) and (v). The second map is well-defined and surjective since 
Q C Q. It is an isomorphism if and only if Q = Q. The bilinear mappings are preserved due to Proposition 
5.1 (iii) and (ii). □ 

Corollary 5.3. If Q C Q is a proper subspace then the map t in (£, r) is degenerate. 

Proof. Assume that Q C Q is a proper subspace. Then there is a e £ r°°(W) such that Ke £ Q, but 
Ke G Q C Sol. From Proposition 5.1 (ii) we know that (tp, Ke) Sol = for all ip £ Sol. Since in Sol/0 this 
Ke is not equivalent to zero the bilinear map ( , } Sol is degenerate on Sol/5- Because (Sol/5, ( , ) Sol ) is 
isomorphic to (£,t) the statement follows. □ 

Remark 5.4. This corollary might suggest that it is more convenient (regarding non-degeneracy) to 
choose (Sol/0, ( , ) So ,) instead of (£, r) as the underlying vector space for a CCR or CAR-representation. 
There are, however, two arguments against this choice. Firstly, the additional elements in Q, which are 
not in 0, can not be interpreted as on-shell conditions in accord with Remark 4.7. Secondly, as clarified in 
[DHS12] for the Maxwell field case, the observablcs in Q \ Q can be of physical significance. 

We next show that the map ( , ) Sol can be evaluated on any Cauchy surface S C M. We split the 
globally hyperbolic spacetime M = U + U £~ into the future/past := J ± (S) C M of the Cauchy 
surface S. We also split ( , ) r ^ v \, for all /, h G r°°{V) with compact overlapping support, 

(/. h) r[v) = vol M (/, h) v + 1^ vol M (/, h) v =: (/, h)+ (v) + (/, h)- {v) . (5.10) 
This allows us to rewrite ( , ) Sol as follows, for all ipi,ip2 £ Sol, 

(^i,V>2> Sol - (P^t^2) n v) = (Pi>t^)r(y) + ^t^2) nv) 

= -(Pi>T,ih}t(y) + (PTpt^2)r (V ) ■ ( 5 - U ) 

In both terms we can now perform integration by parts, since the integral over the future S + (respectively 
the past S~) is over a function of support in J~(C) (respectively in J + (C)). The remaining boundary 
terms are then located on the Cauchy surface S. 
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Proposition 5.5. Let P : r°°(V) — > r°°(V) be a first-order differential operator, which is formally 
self-adjoint with respect to ( , ) v . Then for all ipi,ip2 G Sol we have for any Cauchy surface S C M 

(Vl,V2> S ol= / ™l E ((Tp(jt)1*\E,lh\ S ) v , (5.12) 

where o~ P is the principal symbol of P, n is the future pointing normal vector field of £ , vol^ is the induced 
volume form on S and \ s denotes the restriction of sections to S. 

Proof. This is a result of Green's formula [Tay96, p. 160, Prop. 9.1] and of Pip2 = 0. We have, for all 
ipi,ip2 G Sol, 

(V'l.V^Soi = -Wi.^)r(v) + ( p ^i^'2)r (v) 

= f y VOl Z (i a p( nl> )^l\s^2\s)v + ( (J p( nb )^t\s^2\ S )v) 

= / VOl^ ((Tp(71 b )^l \ S ,tp 2 \ S )v ■ ( 5 ' 13 ) 

Js 

□ 

Before we discuss our examples of gauge field theories it is instructive to consider first the case of 
fcrmionic matter field theories. We will show that there are fermionic matter field theories which are not 
of positive type (see Definition 4.2), see also [BG11]. This means that positivity is not a property which 
follows from the basic axioms of a fermionic classical matter or gauge field theory, see Definitions 3.1 and 
3.4. 

Example 5.6 (Positive and non-positive fermionic matter field theories). We start with the Majorana 
field of Example 3.3 as an example for a fermionic matter field theory of positive type. The principal 
symbol of the massive Dirac operator is given by crp(£) = 7 M £ M = j£, where in local coordinates £ = t^^dx^ 1 . 
The bilinear map (5.12) then reads, for all ipi,ip2 G Sol, 

(V»l.^>Sol = * / vol £ {^Asfc^\s ■ (5-14) 

J E 

Using Theorem 2.1 we obtain that the future-pointing normal vector field of the Cauchy surface S is given 
by n = dt, where $ is the positive function on R x U appearing in the metric g = — 19 2 dt 2 © g t of 
Theorem 2.1. Then ft = 7°i9 = — i/3, where (3 is the matrix used in defining the Dirac adjoint, see Appendix 
A. Since on Majorana spinors the Dirac adjoint equals the Majorana adjoint and since f3'=/3 = we 
have 

(ipi,ip2)s6i= vol E il>l\ s il>2\ s ■ (5.15) 

It holds that (ip, ip) Sol > for all ip € Sol. Even more, (ip, ip) Soi = implies that the initial data %p\ s = 
vanishes and thus due to the Cauchy- hyperbolicity of the massive Dirac operator ip = 0. 

An example of a fcrmionic matter field theory which is not of positive type is the projected Rarita- 
Schwingcr field presented in [BG11, Section 2.6]. As above we use Theorem 2.1 to get a particularly 
simple expression for the normal vector field. We take V := -DMr <g> T*M, but restrict ourselves to 
the image of the projection operator defined by, for all tp E r°°(V), (ttiP)^ : = — -j)lp.l v i>v These 
sections satisfy "f^ipp = 0. We equip the bundle V with the non-degenerate antisymmetric bilinear form 
(f,h) v = ifJCh^. The projected Rarita-Schwinger operator is defined by, for all V G r°°(V) with 
= 0, (Pip),, := tip» - It satisfies ^{Pip)^ = for all V G r°°(V) with 7^ = and 

thus is a differential operator on the projected Rarita-Schwinger bundle. It is formally self-adjoint with 
respect to ( , ) v on sections of the projected Rarita-Schwinger bundle. The bilinear map (5.12) reads, for 
all ipi,ip2 G Sol, 



(V>i,^2) So i = / vobsV^LV^Ii; 



(5.16) 
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We can solve the constraint 7^Vv = for tJjq an d find V-'o = — 707*^') where i = 1, . . . , D — 1 is a spatial 
index. Putting this into (5.16) and setting tpi = ij)^ = V> £ Sol leads to 

(iM)soi = /^ vol i; (^Ir^lz; ~ (tWMV^OIj;) ■ (5.17) 

This is an indefinite inner product, since if we evaluate it on initial data with 7 l, 0i|^ = we obtain 
a positive number, while evaluating it on ~ {liX)\s with x\s e F££(pM&)\ s we obtain a negative 
one. 



We next will briefly comment on the question of weak non-degeneracy for our examples of bosonic 
gauge field theories. 

Example 5.7 (Linearised Yang-Mills field). We analyze the case of a Yang-Mills field linearised around a 
vanishing background Ag and sketch the main non-degeneracy result, sec [DHS12] for details on the U(l) 
case. In this case, K = d A ° = d is the exterior differential and the associated (compactly supported) de 
Rham cohomology groups of M are defined as 

Ker (d : f2 n (M,g) -> Q n+1 (M,g)) 
H n (M,g):= ) \ , N ) '7/ =H n (M,R)®g , 5.18a 

Ker (d : QJ}(M,g) (2% +1 (M,g)) 
ffi(M, g) := } °\, a) ; '7/ = HJ}(M, R) g> g . 5.18b 

We first observe that 

r([/], [/i]) = (/, G p h) r(V) - / (/, *G p h) B = , (5.19) 

J A/ 

for all / 6 Kero(K^) = Kero(<5), implies in particular that 

f (k, *dG p h) B = , (5.20) 

J M 

for all k £ Qq(M, g). From the non-degeneracy of J M ( ■,*■)„ we then obtain dG p h = 0, such that G p h 
defines an element in ff 1 (M, g). The Hodge-dual */ for / S Kcro(<5) defines an element in Hq~ 1 (M, g) and 
thus r([/], [/i]) = for all / implies that G p h corresponds to the trivial element in i? 1 (M, g) by Poincare 
duality (see e.g. [BT95]), i.e. G p h = de for some e € C°°(M, g). This in turn implies that the necessary 
condition for weak non-degeneracy found in Corollary 5.3 is sufficient in the case at hand. 

In particular, for any spacetime with compact Cauchy surfaces we have Q = Q and thus for the 
linearised Yang-Mills field with Aq = the space (£,r) is symplectic. We next provide a simple example 
of a spacetime for which Q C Q is a proper subset, thus r is degenerate by Corollary 5.3. Let us take 
Minkowski space M. D with flat metric g and remove the light cone of the origin G M. D , i.e. we consider 
the globally hyperbolic spacetime M := R D \ J({0}) with the induced metric. We further take two closed 
balls (with strictly positive radius) B\ C B2 C R D centred at in MP and denote Bf 4 := B\ fl M and 
B^ 1 := B2 nM. Let us now take a function e £ C°°(M, g) such that 0^e = wGjjisa constant on J(Bf ! ) 
and e = on M \ J(£?2 f )- The differential de is then an element in Q^ C (M, g) and thus de £ Q. It remains 
to show that there is no e S C^(M, g) such that de = de. In order to show this, let us consider the smooth 
embedding t : (0, 00) — > M C M. D given in Cartesian coordinates on M C R° by x i-> t(ar) = (0, x, 0, . . . , 0). 
Pulling back the one-form de and integrating over (0, 00) we find by Stokes theorem 

L*(de)= [ di*(e) = -w^0, (5.21) 

(0,oo) J(0,oo) 

while doing the same for de with e G C™(M, g) results in 0. Thus, C Q is a proper subset for the model 
under consideration and r in {£, r) is degenerate. For a physical interpretation of this degeneracy we refer 
to [DHS12]. 
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Example 5.8 (Linearised general relativity). If the globally hyperbolic spacetime M has compact Cauchy 
surfaces the weak non-degeneracy of the pre-symplectic structure for linearised general relativity on Ein- 
stein manifolds has been shown by Fewster and Hunt [FH12, Theorem 4.3] . The analysis of the non-compact 
case is to our best knowledge not yet completely understood. 

As it has been argued above, the positivity of a fermionic gauge field theory according to Definition 4.2 
is a physically and mathematically motivated condition. We will study this aspect for our two examples 
of fermionic gauge field theories in detail. 

Example 5.9 (Toy model: Fermionic gauge field). We give a simple proof that the fermionic toy model 
introduced in Example 3.9 is not of positive type. For this proof we do not need the expression of r on a 
Cauchy surface (5.11), but we will work with r as given in (4.7). Our strategy is as follows: We assume 
the existence of a / € Ker (if 1 ') such that r([/], [/]) > and then explicitly construct an /' G Ker (-ft" 1 ') 
such that r ([/'], [/']) < 0. For this we choose a basis of the symplectic vector space (R 2m ,f2), such that 
fl takes the standard form 



( 


1 


. 


• A 


-1 
















1 










-1 




V '■ 






•■/ 



(5.22) 



We further consider the 2m x 2?7i-matrix 



B = 



/0 1 . 




10 




1 




10 




V 


■■/ 



(5.23) 



Let now / € Ker Q {K^) be such that r([/], [/]) > 0. Then defining /' := Bf we have /' G Ker (if t ), since 

K* = S and B commutes. Using that B T flB = ~Q and also that B commutes with G p and the Hodge 
operator, we obtain 



am/'] 



U 



/ T A B T QB * G F f = — t([/], [/]) < 



(5.24) 



6 Positivity of the Rarita-Schwinger gauge field 

We derive a sufficient condition for the positivity of the Rarita-Schwinger gauge field and prove that this 
condition is satisfied on a large class of spacetimes. 

Theorem 6.1. Consider the Rarita-Schwinger gauge field (M,V,W, P, K,T) defined in Example 3.10. 
Then the following statements hold: 

(i) For all S Kero(-ftT^) and on a Cauchy surface £ as in Theorem 2.1 

rmAf2]) = J s Vo\ s ^\ s ^\ s -^^^\ s ij 2 \^j , (6.1) 

where ipt := G p fi £ Sol, i = 1,2, and ip := 7 m ^m- 
(ii) Let us assume that for all ip € Sol satisfying 7 /i Vv = there exists an e £ r°°(W) such that 

fe = on M , (6.2a) 

7 i V i e = -7>i on £ , (6.2b) 

and e\ s is vanishing on the (possibly empty) boundary of E, whereas is bounded. Then (£,t) is 

a pre-Hilbert space, i.e. t is positive definite. 
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(Hi) Let D > 4 and let M be asymptotically flat in the following sense [PT81]: There is a t £ R, such 
that in a canonical foliation given by Theorem 2.1 the Cauchy surface (E,g t ) is complete. Further, 
there is a compact set C C E , such that E \ C is the disjoint union of a finite number of subsets 
Si, ... , En of E, each diffeomorphic to the complement of a contractible compact set in R D_1 . Under 
this diffeomorphism, the Riemannian metric gt on Ef,, b= 1, . . . ,N, should be of the form 

(gt)ij = Sij + ",, (6.3) 

in Cartesian coordinates x l of M. 0-1 , where a%j = 0(r~ D+3 ), d^aij — 0(r~ D+2 ), and didkaij = 
0(r~~ D+1 ). Furthermore, the second fundamental form (extrinsic curvature) hij of {t} x E should 
satisfy hij = 0{r- D + 2 ), ih-h n = 0(r- D+1 ). 
In this case (£,t) is a pre-Hilbert space, 
(iv) Let M contain compact Cauchy surfaces. In a canonical foliation given by Theorem 2.1 let there be a 
t £ R, such that the induced Dirac operator on {t} x E has a trivial kernel. 
In this case (£,t) is a pre-Hilbert space. 

Proof. Proof of (i): The principal symbol of the Rarita-Schwinger operator (3.21) reads <Jp{£)^ = £3^ — 
7 M £ 1 '. Hence, (o- P (n b )ip) ^ = ijiip^ + "d=27m# and b y ( 5 - 12 ) we navc 



r ([/i]> [/2D = (V'l^soi = / vol^ (a P (n )ipi\s,ip2\s) v 

Js 

= j^o\ s - ^2^i f b Ms) - (6-4) 

where the last identity follows by arguments used in Example 5.6. 

Proof of (ii): We see from (6.1) that positivity in particular holds if for all ip £ Sol we can set j^ip^ = 
and ipo = on E by a suitable choice of gauge fixing (recall that in our conventions the metric is positive 
definite on spacelike vectors). It is convenient to perform such a gauge fixing in two steps. First, let 
ip' £ Sol be arbitrary. Using a 5-gauge transformation Ke with e £ F£?(W), we define Vv := + (K e )n = 
ip' + V^e — ^7 M Ve. Demanding 7 M Vv = leads to the equation 

^ = ^^7^, (6-5) 

which can be solved for e £ r^?(W), e.g. by imposing a trivial initial condition. Thus, any ip' £ Sol is 
£-gauge equivalent to a ip £ Sol satisfying -f^ip^ = 0. Using Proposition 5.1 (ii) and (6.1) we obtain after 
this gauge transformation 

r([/i],[/ 2 ]) = <</>!, V>2>Soi = / yol s ^l\ E ^\ s . (6.6) 

JS 

Given such a ip £ Sol with 7 M VVi = we perform a second gauge transformation to set the zero-component 
ipo = on E, while preserving the 7-trace condition 7 AI Vv = on M. The 7-trace condition is preserved 
by the gauge transformation Ke, e £ r°°(W), if and only if tfe = on M. Using this and demanding that 
the zero component of the gauge transformed section vanishes leads us to the equation (6.2b). We assume 
that a solution e £ r°°(W) of (6.2) exists, for all ip £ Sol with J^ip^ = 0, and that e\ E is vanishing on dE 
whereas Vel^ is bounded. 

Notice that we do not demand that e is an element in r^(W), nor that Ke £ r™(V). It thus remains 
to show that the inner product ( , ) Sol is also gauge invariant under such extended gauge transformations, 

more precisely that (note that V^e = V M e = V M e due to (6.2a)) 

vol E (a P (n b r^\ s ,(\7^)\ s ) w (6.7) 
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vanishes for all e G r°°(W) which vanish at dE and all if) G r°°(V) which are bounded on E and satisfy 
Pip = 0. To this avail, we note that the covariant derivative V s compatible with the Riemannian metric 
gt on E and V compatible with g are related by [Wa84, Lemma 10.2.1] 

where 77£f := 5% + n^riy is the projector to the tangent bundle on E. Since n fl crp(rv) IJ ' L ' = we have 
Tl^up{jvY v = (Jp{n b )^ lL ' and we can replace V in (6.7) by V s ■ Integration by parts is well-defined under 
the assumptions on ip and e. Using again (6.8) in order to replace by V and projectors II", the 
statement follows by applying the Leibniz rule and using the equation of motion Pip = 0. 

Proof of (iii): The first equation (6.2a) for e can be solved for arbitrary initial conditions e\s as ^ 
is Cauchy-hyperbolic, while the second equation (6.2b) is an elliptic constraint equation for such initial 
conditions, whose solvability in general depends on the topology of E and the properties of g t . We shall 
now use a generalisation of [PT81, Theorem 4.2] to prove this solvability under our hypotheses. Let R > 1 
be large enough such that each Ei, C R D_1 (we omit the diffeomorphisms 27j — > M. " 1 \ C, with suitable 
contractible compact C C R- 0-1 , here and in the following) contains the exterior of the ball Bp of radius 
R. For each b and each r > R, we set Sf, r := Eb\B r and fix a smooth function p on E such that p > 1, 
p = r in Eb,2R and p = 1 in E \ (U&=i ^Vfl)- Let now s G {0, 1} and let ||e|| Sj f )P , e G r^(W)\s 7 denote 
the weighted Sobolev norm 

||e|| s ,^:= S ||/ +1 V^e|| p +||p 5 e|| p , (6.9a) 
where V s is the spin connection on E and 

||e|| p := ^vo\ s (eh) p/2 y P . (6.9b) 

By % s ,&,p we denote the completion of r^(W)\z with respect to || • || s ,i5 lP . Let us first consider the case 
D = 4. By [PT81, Theorem 4.2], the map 

7*Vi =: V : Hx, s , P Ho,s+x, P (6.10) 

is an isomorphism with a bounded inverse 2? _1 , if p = 2, 6 = — 1 or p > 2, < 6 < 2 — 3/p. Furthermore, 
V^ 1 maps sections in Ho,s+i,p H r°°{W) to sections in Hi^p H r°°(M / ). This proves that (6.2b) has a 
unique solution and that e G r ,O0 (W). The required decay /boundedness properties of e\ s and Vel^ follow 
by the arguments used in the proof of [PT81, Proposition 5.3]. This implies that the condition in (ii) is 
fulfilled and thus (£, r) is a pre-Hilbert space for the asymptotically flat case in D = 4. 

One can straightforwardly generalise [PT81, Theorem 4.2] to the case D > 4 by noting that the part 
of the proof of the said theorem which is concerned with the invertability of T> for p = 2, 5 = —1 can be 
straightforwardly generalised to D > 4 as all inbetween steps are still valid in higher dimensions and with 
the steeper decay of ay, d^a^ and hij. At the same time, these parameters are sufficient to guarantee the 
required decay/boundedness properties of e\ s and Vel^ for D > 4. Hence, the condition in (ii) is fulfilled 
and (£,t) is a pre-Hilbert space for the asymptotically flat case in general D > 4. 

Proof of (iv): The elliptic differential operator 7*Vi on E is formally skew- adjoint with respect to 
the inner product (ifi,x) = J s vol s ^ \, see [PT81, Section 3] and note the different Clifford algebra 
conventions used by the authors. Thus, the trivial kernel of V* implies a trivial kernel of its formal adjoint, 
and the solvability of (6.2b) for all source terms is guaranteed by the general theory of elliptic operators on 
vector bundles over compact Riemannian manifolds, see e.g. [LM89, Chapter III] or Donaldson's lecture 
notes [Don08, Section 3]. Elliptic regularity implies that e\ s G r°° (W)\ s . This e\ s can be used as initial 
condition for solving (6.2a) and the resulting section e G r°°(W) satisfies the required properties, since E 
is compact. Hence, the condition in (ii) is fulfilled and (£, r) is a pre-Hilbert space. □ 
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To close, we present an example of a Ricci-flat globally hyperbolic spacetime M with spin structure 
on which the Rarita-Schwinger gauge field is not of positive type. Let us take M = Rx T ^ 1 , with T D_1 
denoting the D— 1-torus, equipped with the fiat metric g = —dt 2 + ^2?=! dpj- Here t £ R denotes time 
and (fi G [0, 2tt) are the angles on the torus. We choose the trivial spin structure on M, in particular there 
exists a global basis of r°°(V). The equation of motion for the Rarita-Schwinger gauge field (3.21) reads 
(Pip)n = J^dvipfi — J^d v ip v = 0. Notice that, in particular, all constant sections ip^ = const solve this 
equation and thus belong to the space Sol. We obtain for such sections 

where (2tt) d ~ 1 is the volume of the torus. Choosing tp^ ^ such that ipo = an d 7 I- 0i = we obtain that 
{4>,ip)s \ = (2tt) d ^ 1 ipjip 1 > 0. On the other hand, choosing tpi = and tpo ^ we obtain 

(V>, ^)soi = -i^) - 1 §— \ tfoo < ■ (6.12) 

We note that if we equip M = lx T ^ 1 with one of the 2 D ~ 1 — 1 non-trivial spin structures [BarOO], 
the induced Dirac operator on the torus T 15-1 has a trivial kernel. Thus, the Rarita-Schwinger gauge field 
is of positive type by Theorem 6.1 (iv). This shows an interesting correlation between the choice of spin 
structure and the positivity of the Rarita-Schwinger gauge field. 
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A Spinor and gamma-matrix conventions 

We review some aspects of spinors in higher dimensions following [VP99] , being mainly interested in properties of Majorana 
spinors. Let D mod 8 = 2, 3, 4 and we denote by r) ab = diag (— , +,+,..., +) ab the D-dimensional Minkowski metric. The 7- 
matrices 7°, o = 0, . . . , D — 1, are complex 2 x 2LD/2J _ ma t r j ces satisfying the Clifford algebra relations {7", 7 6 } = 2 r] ab . 
We take the timelike 7-matrix to be antihermitian 7°^ = — 7 and the spatial 7-matrices hermitian 7^ = 7 1 , for all 
i = 1, . . . , D — 1. We further fix /3 := 17° which satisfies ft = /3. There exists a charge conjugation matrix C, which is 
antisymmetric, i.e. C T = —C, in the dimensions we are considering, see Table 1 in [VP99]. Further properties are C> = C -1 
and, for all a = 0, . . . , D — 1, 

7 aT = -C~t a C- x . (A.l) 

We define the charge conjugation operation on spinors x 6 C 2 ' ^ by 

X C :=-/3C* X * , (A.2) 

where * denotes component-wise complex conjugation. This operation squares to the identity, \ cc = X; f° r au X- A Majorana 
spinor is defined by the reality condition \ c = x and the space of Majorana spinors is a real vector space of dimension 2 
For every Majorana spinor \ the Dirac adjoint equals the Majorana adjoint, \ := = X T C> an d thus the hermitian 

structure \\ on Dirac spinors equivalcntly reads for Majorana spinors 

XA = X T CX = -X T C X , (A.3) 

where in the last equality we have used that C T = —C. We thus have a non-degenerate M-bilinear antisymmetric map x T C'A 
on the space of Majorana spinors. However, this map takes values in the purely imaginary numbers «R and therefore should 
be rescaled by the imaginary unit in order to take values in the reals R. 
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